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1
$n$ $x_{1},$ $\ldots,x_{n}$
$\partial_{1},$ $\ldots,\partial_{n}$ $D$ $D’$
$D=K\langle x_{1}, \ldots, x_{n}, \partial_{1}, \ldots, \partial_{n}\rangle, D’=K\langle x_{m+1}, \ldots, x_{n}, \partial_{m+1}, \ldots, \partial_{n}\rangle$
$m\leq n$ $K$ $D$












$P_{m}\in D$ $P_{1}$ , . . . , $P_{m}$ $P$
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1815 2012 112-123 112
$m=1,n=2$ $( D=K\langle x_{1},x_{2}, \partial_{1}, \partial_{2}\rangle, D’=K\langle x_{2},\partial_{2}\rangle)$, $A(x_{2})=$
$\int_{a}^{b}e^{-x_{1}-x_{2}x_{1}^{3}}dx_{1}$ $f(x_{1},x_{2})=e^{-x_{1}-x_{2}x_{1}^{3}}$ $D$
$I=\langle\partial_{1}+1+3x_{2}x_{1}^{2},$ $\partial_{2}+x_{1}^{3}\rangle$








Chyzak $([3],[4])$ , Oaku-Shiraki-Takayama ([7])
$Risa/Asir$ ([11]) $\iota$ $\grave{}$ - nk.restrict $i$ on.rr ([14]) $.$
2 $D$
$D$
$D=K\langle x_{1},$ $\ldots,x_{m},x_{m+1},$ $\ldots x_{n},\partial_{1},$ $\ldots,\partial_{m},\partial_{m+1},$ $\ldots,\partial_{n}\rangle$ , $D’=K\langle x_{m+1},$ $\ldots,x_{n},\partial_{m+1},$ $\ldots,\partial_{n}\rangle$
$($ $m\leq n)$
$D$ $\mathcal{F}$






1 $(D [6], [s])$
: $D$ $I$
$w=(w_{1}, \ldots,w_{m},w_{m+1}, \ldots,w_{n})$ $w_{1},$ $\ldots,$ $w_{m}>0,w_{m+1}=\cdots=w_{n}=0$
: $I$ $x_{1},$ $\ldots,$ $x_{m}$
1. $\mathcal{F}(I)$ $w$
(a) $D$ $\mathcal{F}(I)$ $<(-w,w)$ $\{h_{1}, \ldots, h_{l}\}$
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(b) $D$ $\mathcal{F}(I)$ $(-w, w)$ generic $b$ $b(s)$
$s_{0}$ $b(s)$
(c) $s_{0}$ $0$ $D’$
(d) $m_{i}=$ ord$(-w,w)(h_{i})$ ,
$\mathcal{B}_{d}=\{\partial_{1}^{i_{1}}\cdots\partial_{m^{m}}^{:}|i_{1}, \ldots,i_{m}\in \mathbb{Z}_{\geq 0},i_{1}w_{1}+\cdots+i_{m}w_{m}\leq d\}(d\in \mathbb{Z}_{\geq 0})$,
$r=\#\{(i_{1}, \ldots,i_{m})|i_{1}, \ldots, i_{m}\in \mathbb{Z}_{\geq 0}, i_{1}w_{1}+\cdots+i_{m}w_{m}\leq s_{0}\}$







2. $\mathcal{F}^{-1}(\mathcal{B})$ $(D’)^{r}$ $D’$ $M$
$\mathcal{F}^{-1}(\mathcal{B})$ $\partial_{1},$ $\ldots,\partial_{m}$ $0$ $(-w,w)$
$s_{0}$
$\sum_{i_{1}w_{1}+\cdots+:_{m}w_{m}\leq so}Q_{1},\ldots,i_{m}x_{1}^{i_{1}}\cdots x_{m}^{i_{m}}(c_{i_{1},\ldots,i_{m}}\in D’)$
$(D’)^{r}$ $(q_{1},\ldots,\iota_{m})_{i_{1}},\ldots,\iota_{m}$





$\grave{}$ $f(x_{1}, \ldots,x_{n})$ $x_{1},$ $\ldots,x_{m}$
$A(x_{m+1}, \ldots,x_{n})=\int_{R}f(x_{1}, \ldots,x_{n})dx_{1}\cdots dx_{m}, R=\prod_{i=1}^{m}[a_{i},b_{i}]$
$f$ $D$ $I=Ann_{D}f$ $x_{1},$ $\ldots,x_{m}$ $J$
$p\in J$
$p- \sum_{i=1}^{m}\partial_{i}p_{i}\in I$
$p_{1},$ $\ldots,p_{m\in D}$ $p$ $A(x_{m+1}, \ldots,x_{n})$






(1) $0$ $p_{i}(1\leq i\leq m)$
1
$D$ $I$ $J\subset D’$ $p\in J$
$p- \sum_{i=1}^{m}\partial_{i}p_{i}\in I$ (2)
$p_{i}\in D(1\leq i\leq m)$
1 $J$ $\{g_{1}, \ldots,g_{t}\}$ $g_{j}(1\leq j\leq t)$
1 3. $q_{ji\beta}\in D’$ $g_{j}=\Sigma_{i,\beta}q_{ji\beta}\mathcal{F}^{-1}(h_{i\beta})$
$q_{ji\beta}$
$\mathcal{F}^{-1}(\tilde{h}_{i\beta})=\mathcal{F}^{-1}(\partial^{\beta}h_{i})=\mathcal{F}^{-1}(\partial^{\beta})\mathcal{F}^{-1}(h_{i})$
$\mathcal{F}(I)$ ( ) $\{h_{1}, \ldots,h\iota\}$












$w=(w_{1}, \ldots,w_{m},w_{m+1}, \ldots,w_{n})$ $w_{1},$ $\ldots,w_{m}>0_{w_{m+1}=\cdots=w_{n}=0}$
: $I$ $x_{1},$ $\ldots,x_{m}$ $\{g_{1}, \ldots,g_{t}\}.$
$g_{j}(1\leq i\leq t)$ $g_{j}-\Sigma_{i=1}^{m}\partial_{i}p_{ij}\in I$ $p_{ij}\in D.$
1. 1








$I=\langle\partial_{1}+2x_{1}x_{2},\partial_{2}+\partial_{1}^{2}\rangle$ ( 1) $I$
$x_{1}$
( 1 )
$($ $)n=2,m=1,D=K\langle x_{1},x_{2},\partial_{1},\partial_{2}\rangle,D’=K\langle x_{2},\partial_{2}\rangle,w=(1,0)$
1. $I$ Fourier $\mathcal{F}(I)=\langle x_{1}-2x_{2}\partial_{1},$ $\partial_{2}+\partial_{1}^{2}\rangle$
(a) $\mathcal{F}(I)$ $<(-w,w)$ $\mathcal{H}=\{h_{1}=x_{1}-2x_{2}\partial_{1},$ $h_{2}=\partial_{2}+\partial_{1}^{2},$ $h_{3}=2x_{2}\partial_{2}+$
$x_{1}\partial_{1}+1, h_{4}=4x_{2}^{2}\partial_{2}+2x_{2}+x_{1}^{2}\}$
(b) $\mathcal{F}(I)$ $(-w, w)$ generic $b$ $b(s)=s(s-1)$
$s_{0}=1$
(d) $\mathcal{B}_{1}=\{1, \partial_{1}\}$ , $h_{i}$ $(-w, w)$ $m_{1}=1,$ $m_{2}=2,$ $m_{3}=$
$0, m_{4}=0.$
(e) $\tilde{\mathcal{B}}=\{h_{1}, h_{3}, \partial_{1}h_{3}, h_{4},\partial_{1}h_{4}\},$
$\mathcal{B}=\{-2x_{2}\partial_{1},2x_{2}\partial_{2}+1,2x_{2}\partial_{1}\partial_{2}+2\partial_{1},4x_{2}^{2}\partial_{2}+2x_{2},4x_{2}^{2}\partial_{1}\partial_{2}+2x_{2}\partial_{1}\}$
2. $\mathcal{F}^{-1}(\mathcal{B})=\{2x_{2}x_{1},2x_{2}\partial_{2}+1, -2x_{1}x_{2}\partial_{2}-2x_{1},4x_{2}^{2}\partial_{2}+2x_{2}, -4x_{1}x_{2}^{2}\partial_{2}-2x_{1}x_{2}\}$
$M=\{(0,2x_{2}), (2_{X_{2}}\partial_{2}+1,0), (0, -2_{X_{2}}\partial_{2}-2), (4x_{2}^{2}\partial_{2}+2_{X_{2}},0), (0, -4x_{2}^{2}\partial_{2}-2x_{2})\}$















[ ] $m=1$ 2 $m\geq 2$ 2 $m$
$m-1$ $m=2$
$F(x_{3}, \ldots,x_{n})=\int_{a_{1}}^{b_{1}}\int_{a_{2}}^{b_{2}}f(x_{1}, \ldots,x_{n})dx_{1}dx_{2} (2\leq n)$
$f(x_{1}, \ldots,x_{n})$ $I$ $I$ $x_{1},x_{2}$
$J=(I+\partial_{1}D+\partial_{2}D)\cap D’ (D’=K\langle x_{3}, \ldots,x_{n},\partial_{3}, \ldots,\partial_{n}\rangle)$
$J$ $P$ $P=P_{0}+\partial_{1}P_{1}+\partial_{2}P_{2}$ $(P_{0}\in I,P_{1},P_{2}\in D)$
$P$ $F$
$P \cdot F=\int_{a_{2}}^{b_{2}}(P_{1}\cdot f|_{x_{1}=b_{1}}-P_{1}\cdot f|_{x_{1}=a_{1}})dx_{2}+\int_{a_{1}}^{b_{1}}(P_{2}\cdot f|_{x_{2}=b_{2}}-P_{2}\cdot f|_{x_{2}=a_{2}})dx_{1}$
1 $F_{1}$ , $fi$ 2 $F_{2}$ ,
$F_{1}$ $fi$
$I_{1}$ Oaku $fi$ $I$
$I;P_{1}$ $P_{1}\cdot f$ $(Q\in I;P_{1}$ $QP_{1}\in I$
$(QP_{1})\cdot f=0$ . $I$ $I;P_{1}$ ) $P_{1}\cdot f|_{x_{1}=b_{1}}$
1 $I;P_{1}$ $x_{1}=b_{1}$
$P_{1}\cdot f|_{x_{1}=a_{1}}$ $fi=P_{1}\cdot f|_{x_{1}=b_{1}}-P_{1}\cdot f|_{x_{1}=a_{1}}$
$I_{1}$ $J_{1}\cap$
$I_{1}$ $x_{2}$
$K_{1}=(I_{1}+\partial_{2}D_{1})\cap D’ (D_{1}=K\langle x_{2},x_{3}, \ldots,x_{n},\partial_{2},\partial_{3}, \ldots,\partial_{n}\rangle)$
$K_{1}$ $P^{(1)}$ $P^{(1)}=P_{0}^{(1)}+\partial_{2}P_{2}^{(1)}$ $(P_{0}^{(1)}\in K_{1},P_{2}^{(1)}\in D_{1})$
$P^{(1)}$
$P^{(1)}\cdot F_{1}=P_{2}^{(1)}\cdot f_{1}|_{x_{2}=b_{2}}-P_{2}^{(1)}\cdot fi|_{x_{2}=a_{2}}$
$F_{2}$ $f_{2}$ $I_{2},$ $I_{2}$ $x_{1}$ $K_{2}$
$P^{(1)}\cdot P\cdot F=P^{(1)}\cdot F_{1}+P^{(1)}\cdot F_{2}$
1 2 $K_{2}$ : $P^{(1)}$
$P^{(2)}$ $P^{(2)}P^{(1)}\in K_{2}$ $P^{(2)}P^{(1)}\cdot F_{2}$
$P^{(2)}P^{(1)}P\cdot F=P^{(2)}P^{(1)}\cdot F_{1}+P^{(2)}P^{(1)}\cdot F_{2}$
$F$ 1
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2 hyperexponential function $F(t, x)$ $\int_{a}^{b}F(t, x)dt$ $x$
Almkvist-Zeilberger ( $AZ$ ) ([1])
hyperexponential function $\log$
3($AZ$ [1])
:hyperexponential function $F(t, x)$
: $x$ $\overline{S}(x, \partial_{x})$ hyperexponential function $G(t, x)$
$\overline{S}(x,\partial_{x})\cdot F(t,x)=\partial_{t}\cdot G(t,x)$





$\overline{S}(x, \partial_{x})\cdot F(t,x)=\partial_{t}\cdot G(t,x)$












Chyzak ([3], [4], [5]) Ore algebra
Ore algebra
q- $R:=K(x, t)\langle\partial_{x},$ $\partial_{t}\rangle$
$AZ$
Chyzak
4(Chyzak ([4], Algorithm 2))
: $f(x, t)$ $B.$
: $P(x, \partial_{x})\cdot f=\sum_{i}\eta_{i}\partial_{x}^{i}f=\partial_{t}[Q(x, t, \partial_{x}, \partial_{t})\cdot f]$ $(P, Q)$ .
1. $B$ $G$ $R/Annf$ $\{\partial_{x}^{\alpha}\partial_{t}^{\beta}\}_{(\alpha,\beta)\in I}$
2. $L=0,1,2,$ $\ldots$




(c) $(P, Q)$ $P= \sum_{i=0}^{L}\eta_{i}\partial_{x}^{i},$ $Q= \sum_{(\alpha,\beta)\in I}\phi_{\alpha,\beta}\partial_{x}^{\alpha}\partial_{t}^{\beta}.$







( $Risa/Asir$ $\grave{}$ nk-restri $ct$ ion)
1.3





creative$-telescoping(f, [x: : diff, y; :diff], t; : diff)$ ;
time $()-tsi$
49. 583
Intel Xeon 5450 $(3\cdot 00GHz),$ $32GB$
4.3 Oaku-Shiraki-Takayama
Oaku-Shiraki-Takayama ( $OST$ ) $[a, b]$
Heaviside $\mathbb{R}$








$OST$ $a$ , $OST$
$b$ [7, Chap 5]





[1487] $ost_{-}integration_{-}idea1$ $(B, [t,x], [dt, dx], [1, 0], [0], [’‘ inf”])$ ;
$nd_{-}wey1_{-}gr$ : Osec $(0.014\sec)$
–weyl-minipoly : $0.004\sec(0.000402\sec)$
$-generic_{-}bfct_{-}and_{-}gr$ : $0.004\sec$ (0.0004091sec)
generic bfct : $[[1,1], [s, 1], [s-2,1]]$
$SO$ : 2
$B_{-}\{SO\}$ length; 3
–fctr ($BF$) $+$ base : Osec (0.000891sec)





[1568] INT$=int$egrat ion-ideal $(B, [t,x], [dt,dx], [1, 0] inhomo=1)$ ;
$-nd_{-}wey1_{-}gr$ : $0.$ 004001sec $(0.004164\sec)$
– weyl-minipoly : Osec $(0.002094sec)$
–generic-bfct and-gr : $0.008002\sec(0.007762\sec)$
generic bfct : $[[1,1], [s, 1], [s-2, i]]$
$SO$ : 2
$B_{-}\{SO\}$ length: 3
– fctr ($BF$) $+$ base : $0.004\sec(0.003639\sec)$











uk $(t, x)= \exp(-tx\prod_{i=1}^{k}(t^{2}-i^{2}))$
( 2) $OST$ a, b
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